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A polynomial h over a field F is said to be additively decomposable over F if there exist 
polynomials f and g in F[x] each of degree ~1 sue% l h L at the roots of h are precisely all sums 
Q! + j3 of roots LY off and j3 of g. This paper derives a test for determining whether or not a 
given irreducible over a finite field is additively decomposable. 
1. Introduction 
Let GF(q) denote the #mite field of 9 elements, let f and g be monk 
polynomials over GF(q), let r= r(q) denote the algebraic losure of GF(q), and 
consider the composed polynomials f *g and f”g defined by 
f*g=rIrUx-(a+&) 
CY B 
(1) 
(2) 
where the products on the right of (1) and (2) are ordinary products in r[x] 
extended over all roots Q off and /3 of g, including multiplicities. While the roots 
of f *g and fog may lie outside of GF(@, both of these polynomials have their 
coefficients in GF(q) (see [2]); thus, the operations * and 0 are binary operations 
on the set M[q, X] of manic polynomials over GF(Q). We refer to * as composed 
addition and to 0 as composed multiplication. 
If a given manic polynomial h e M[q, X] with deg h > 1 can be expressed as 
h =f *g (respectively, h =fog) where degf > 1, degg > 1, then h is said to be 
additively (respectively, multiplicatively) decomposable. 
In [2], extensive studies are made of both additive and multiplicative 
decomposability; in particular, unique decomposition theorems for irreducibles 
with respect o each of these composed products are proved and a number of 
other results are derived. With a single exception, for each result relative to the 
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theory of composed multiplication as derived in [2], there is a corresponding 
result given in the theory of composed addition. The single exception has to do 
with testing whether or not a given irreducible is decomposable: n :stissary and 
sufficient conditions in terms of the exponent of the irreducible ge given for 
determining whether or not it is multiplicatively decomposable; hol;i;:i;irer, no such 
conditions are given for additive decomposability. The purpose of this note is to 
present a corresponding test for additive decomposability. The test, which is 
expressed in terms of the q-polynomial to which a given irreducible belongs, 
could have appropriately been included in the earlier paper [2]. 
2. A test for additive decomposability 
I,et h be a given manic irreducible in M[q, X] with deg h > 1. If h is additively 
decomposable as h =f *g where degf = m > I, degg = n > 1, then it is known 
121 that f and g are both irreducible and that (m, n) = 1; hence, in order that h be 
additively decomposable it is necessary that deg h factor as mn where m > 1, 
n > 1 and (m, n) = 1. Below, we shall assume that deg h has such a factorization 
mn and we derive a test for determining whether or not there exist irreducibles f
of degree m and g of degree n such that h =f *g. 
The following definitions and results are discussed in detail in [3] (also, see [4, 
5, 61): A q-polynomial over GF(q) in a polynomial of the form L = C aix4’, 
ai E GF(q). Associated with such an L is the ordinary polynomial I = c a$ called 
the ordinaty associate of L. In turn, L is called the q-associate of 1. The symbolic 
product of two q-polynomials L1 and L2, denoted by L1 @ L2, is defined in terms 
of the usual composition of polynomials by L1 @ LL(x) = L,(L,(x)). The collec- 
tion of all q-polynomials over GF(q), under the operations of usual polynomial 
addition, symbolic multiplication and usual scalar multiplication, forms a com- 
mutative algebra which is isomorphic, via the correspondence L 4, to the 
ordinary polynomial algebra GF[q, x]. For a given nonzero h in GF[q, x], we say 
that h belongs to the q-polynomial L if and only if L is the manic q-polynomial of 
least degree divisible by h. Such an L exists and is unique. If L1 and L2 are 
q-polynomials, we say that L1 symbolically divides L2 if and only if there exists a 
q-polynomial L such that L 1 G3 L = Lz. In this case we write L1 11 Lz, and we 
denote the symbolic quotient L by L = L2 //L,. If L, and L2 are q-polynomials, 
then L 1 1 L2 if and only if L, 11 L,; further, L, 11 Lz if and only if II 1 l2 where II 
and l2 are the ordinary associates of L, and Lz, respectively. If h belongs to L, 
then the follo~~~ing statements are equivalent: (a) h divides the q-polynomial L1, 
(b) L 1 Lb (CJ L II L? Cd) II 4. 
The test for additive decomposibility is the essence of the following theorem. 
eore Let h(x) E GF[q, x] be a manic irreducible of degree mn where 
(m, n) = 1, kt L(x) denote the q-polynomial to which h(x) belongs, and let l(x) 
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denote the ordinary associate of L(x). Then the foIlowing are equivalent: 
(i) h decomposes as h = f *g where deg f = m, deg g = n. 
(ii) L 1 ((xqm - x) @ (xq” - x)) //(x4 - x). 
(iii) L 11 ((x4” -x) QD (x4” - x)) //(xq -x). 
(iv) I 1 (xm - 1)(x” - 1) /(x - 1). 
Proof. Let y E r be a root of h(x). By [2; Lemma 91 the root y can be expressed 
as y = cy + /3 where a! E r has degree m and /3 E r has degree n if and only if y 
satisfies the q-polynomial 
L,,,(X) = ((Xqm - X) QD (XQ” - X)) //(X4 - X). 
Now y satisfies LmBn(x) if and only if h divides Lm,n(x)- But h divides LmJx) if 
and only if L 1 (xqm - x) 8 (x4” - X) //(x4 - 
L 11 (XQ” - x)(x@ - x) //(x” - 
x) which, in turn, is true if and only if 
x). Finally, via the isomorphism L 4, this last 
condition is equivalent to I 1 (xm - 1)(x” - 1) /(x - l), and the proof is 
complete. Cl 
Condition (iv) is perhaps the most useful test of (i). 
Example. Determine whether or not the GF(2) irreducible h =x6 + x5 +x3 + 
x2 + 1 is additively decomposible. 
Solution. Using standard linear algebra techniques (see [3]), we find that h 
belongs to the q-polynomial L = xl6 + x8 + x2 + x. The ordinary associate of L is 
I = x4 + x3 + x + 1. Since the only nontrivial factorization of 6 into relatively 
prime factors is 6 = 2 x 3, we consider the polynomial 12.3 = (x2 - 1)(x’ - 1) /(x -- 
1) = (x + 1)(x3 + 1) = x4 + x3 + x + 1. Since I divides this last expression, it follows 
from Theorem l(vi) that h is decomposable. 
Remark. The composed additions (x2 +x + 1) * (x3 + x + 1) and (x2 + x + 1) * 
(x3 +x2 + 1) are computed in [2] and both are equal to h =x6 + xs +x3 +x2 + 1. 
Theorem 1 can be applied to count the number of degree mn irreducibles h
which decompose as h = f *g, deg f = m, deg g = n; indeed, if @ denotes the 
Euler-totient function as applied to GF[x, q]; i.e. a(1) is the number of 
polynomials of degree <deg(l) which are relatively prime to I, then we have 
Theorem 2. Let m > 1, n > 1 Fe integers with (m, n) = 1. Then the number of 
manic irreducibles h of degree mn which decompose as h = f *g, deg f = m, 
deg g = n is given by C (@(I) 1 mn) where the sum is over those manic polynomials 
1 which divide the expression (xm - 1)(x” - 1) /(x - 1) and have exponent mn. 
Proof. Let f be a manic divisor of (xm - 1)(x” - 1) /(x - 1) and let L denote the 
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q-associate of 1. It is known (see [3]) that those irreducibles h which belong to L 
all have degree equal to the exponent e of 1. Further, the number of such 
irreducibles h is known to be a(l) le. S UC h an h will have degree mn iff I has 
exponent mn and the proof is complete. 0 
Exsnple. Determine the number of irreducibles h of degree 12 over GF(2) which 
factor as h =f *g where degf = 3 and deg g = 4. 
n. We first note that xl2 - 1 = (x3 - l)* = (x + l)“(.x’ + x + l)*, and that 
134(x)=(x3-1)(x4-1)/(x- 1 1) = (x + 1)4(x2 +x + 1). It is readily checked that 
tie divisors of (x + l)“(x’ + x + 1) which have exponent 12 are I1 = (x + 1)3(x2 + 
x + 1) and l2 = (x + 1)4(x2 +x + 1). Now @(I,) = 12 and @(1,) = 24 so that there 
are 3 = C @(I) / 12 irreducibles which decompose in the required form. Since the 
only relatively prime factorizaiion of 12 is 12 = 3 x 4, it follows that only three of 
335 irreducibles over GF(2) of degree 12 are additively decomposable. 
Remark. Consider an integer with three or more distinct prime factors, say 
30=2 x 3 x 5. One may apply the above theorem to count the degree 30 
irreducibles which decompose as (i) a degree 2 by a deg 15, (ii) a degree 3 by a 
deg 10 or (iii) a degree 5 by a degree 6. Some of these additively decomposable 
irreducibles will be counted in all 3 of the counts; e.g. if h =f *g * r where 
degf = 2, degg = 3 and deg r = 5, then h will be counted in each of the three 
counts. Inclusion-exclusion is required to determine the total number of degree 
30 additively decomposable irreducibles. Such a count is given using a more 
general inversion in [2]. 
Tables which list irreducibles over GF(q) generally give the exponents to which 
these irreducibles belong but not the q-polynomials to which they belong. In the 
presence of such tables the test for multiplicative decomposability as discussed in 
[2], while theoretically similar to the test for additive decomposability, is easier to 
apply. We are aware of one unpublished table by Beard and West [l] which lists 
for small values of 4 and irreducibles of relatively low degree the q-polynomials 
to which the irreducibles belong. 
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